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ABSTRACT: The holographic duality can be extended to include quantum theories with
the broken coordinate invariance leading to the appearance of the gravitational anomalies.
On the gravity side one adds the gravitational Chern-Simons term to the bulk action
which is gauge invariant only up to the boundary terms. We analyze in detail how the
gravitational anomalies originate from the modified Einstein equations in the bulk. As a
side observation, we find that the gravitational Chern-Simons functional has the interesting
conformal properties. It is invariant under the conformal transformations. Moreover, its
metric variation produces a conformal tensor which is a generalization of the Cotton tensor
to dimension d+1 = 4k—1, k € Z. We calculate the modification of the holographic stress-
energy tensor that is due to the Chern-Simons term and use the bulk Einstein equations to
find its divergence and thus reproduce the gravitational anomaly. The explicit calculation
of the anomaly is carried out in dimensions d = 2 and d = 6. The result of the holographic
calculation is compared with that of the descent method and an agreement is found. The
gravitational Chern-Simons term originates by the Kaluza-Klein mechanism from a one-
loop modification of M-theory action. This modification is discussed in the context of the
gravitational anomaly in the six-dimensional (2,0) theory. The agreement with the earlier
conjectured anomaly is found.
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1. Introduction

Dualities play an important role in the theoretical concepts of modern physics. In partic-
ular, they help to understand the behavior of certain systems at the strong coupling by
relating it to the behavior in the weak coupling regime. The AdS/CFT correspondence [fl]-
(for review see [[f] and more recent [f]) is the duality of this sort. Quite remarkably,
it relates not only the different regimes but also apparently different theories. On one
side of the duality one has superstring theory or M-theory, semiclassically described by
11-dimensional supergravity, on the product of AdS4y1 and a compact manifold. On the
other side it is the large N quantum strongly interacting conformal theory living on the
conformal boundary of the Anti-de Sitter space. The duality works both ways. It can
be used to understand the strongly coupled quantum system in terms of the semiclassical
gravitational physics in the bulk. On the other hand, the wisdom gained in the long-time
study of the quantum non-gravitational models can be directed to solving the long-standing
puzzles of the semiclassically quantized gravity. Among such puzzles one finds the problem
of the black hole entropy and the unitarity problem.

The duality in question has the interesting geometric aspects. As is known since the
earlier works [ff] and [, there is conformal structure associated with infinity of anti-de
Sitter space. Namely, one finds that the asymptotic symmetries which preserve the AdS
structure also generate the conformal transformations on the boundary at infinity. On
the other hand, the boundary metric serves as the Dirichlet data for the boundary value
problem associated with the bulk Einstein equations. Solution to this problem is a bulk
metric determined by the boundary data. This is one of the reasons why this duality is
associated with holography [§, f]. The latter states, quite generally, that the fundamental



degrees of freedom are that of the boundary and predicts the possibility to project the bulk
physics to the boundary. In the Maldacena’s picture the semiclassical gravitational action
in the bulk becomes the quantum generating functional for the theory on the boundary.
In particular, its variation with respect to the boundary metric (which is considered as the
source for the dual stress tensor) produces the n-point correlation functions of the stress-
energy tensor in the boundary theory. The one-point function determines, for instance,
the conformal anomaly in the boundary theory. Thus, at least in principle, the classical
geometry of an asymptotically AdS space provides us with a complete solution to the
quantum dual theory. The bulk action has infra-red divergences since it involves the
integration over an infinite volume. These are the UV divergences on the boundary theory
side. Thus, for this procedure to work the action should be properly regularized by adding
the suitable counterterms. These and other questions were actively studied in the literature,
see [[l0]-[B4]. The mathematical side of the story was reviewed in [RF].

This line of research turned recently to a new interesting direction related to the
possibility to understand holographically the gravitational anomalies which may arise in
the dual theory [R6, R7|. Indeed, the dual theory is generically chiral. The quantization
of such a theory may break the coordinate invariance and lead to the anomalies. These
anomalies are well studied [, @] and are known to appear in dimension d = 4k—2, k € Z.
In two dimensions they arise in a theory in which the left and right central charges are not
equal. In six dimensions the gravitational anomaly arises, in particular, in the (2,0) theory.
In the weak coupling regime this theory is described by certain tensor multiplet theory
while in the other regime the strongly interacting (2,0) theory describes N coincident M5
branes. Holographically, the gravitational anomaly originates from the gravitational Chern-
Simons term! which can be added to the gravitational bulk action. This term is not gauge
invariant, the non-invariance resides on the boundary that is the source for the anomaly in
the boundary theory. In fact, this mechanism is similar to the known [J] holographic origin
of the gauge field anomaly that relates it to the appearance of the gauge field Chern-Simons
action in the bulk. In this case the Chern-Simons term is related by supersymmetry to
the Einstein-Hilbert action and, thus, appears in the leading order in N. On the other
hand, the gravitational Chern-Simons term may originate by Kaluza-Klein mechanism
from a one-loop modification of the M-theory action [BJ]. Thus, the gravitational anomaly
appears in the subleading order in N. It should be said that the quantum anomalies are
important, and sometimes the only one available, source of information about the strongly
coupled theory. That is why they should be paid our special attention.

In this paper we give an exhaustive analysis of the holographic gravitational anomaly.
Since there is no literature on the gravitational Chern-Simons terms beyond 3 dimensions
we start with a detail study of their general properties. In particular, we observe that these
are conformally invariant functionals. The field equations which follow from the Chern-

!By the gravitational CS term we mean the term for the Lorentz group SO(d + 1) defined with respect
to the spin connection which is on the other hand is completely defined in terms of the vielbein. This
is different from the Chern-Simons term for the AdS group SO(d + 1,1) considered in the context of
AdS/CFT correspondence in [E] The CS term in this case is polynomial in curvature and does not lead
to the appearance of the gravitational anomalies in the boundary theory.



Simons action are, thus, traceless. This is not all, however, to the conformal properties.
The metric variation of the Chern-Simons term results in a conformal tensor. This means
that under the conformal transformations it rescales by a scalar factor. The conformal
tensors which we have found exist in any dimension d+1 =4k —1, k € Z and are different
from the known Weyl tensors. Since conformal tensors play an important and special role
both in physics and mathematics it would be interesting to see if the tensors we have
discovered have their place in the available list of conformal tensors.

The modified Einstein equations in the bulk are then subject to the Dirichlet problem.
We fix the boundary metric and solve the equations by doing the Fefferman-Graham expan-
sion for the bulk metric. The full analysis of the problem is rather complicated. However,
in order to gain information about the divergence of the dual stress tensor we have to look
at certain (dependent on the boundary dimension d) order in the expansion of (r,i) compo-
nent of the Einstein equations. This way we calculate the gravitational anomaly in d = 2
and d = 6. The holographic stress-energy tensor is defined conventionally as a variation of
the gravitational action with respect to the boundary metric. We carry out the calculation
of the stress-energy tensor that is due to the presence of the Chern-Simons term in the
bulk action and find a general expression for the tensor that is valid in any dimension d.
We then compare the holographic anomalies with what one obtains in the standard descent
method and find agreement. Finally, we analyze the gravitational anomaly in six dimen-
sions as arising holographically from a one-loop modification of the gravitational action.
We compare it with the conjectured anomaly for the (2,0) theory and find a complete
agreement. Before turning to the analysis let us emphasize that throughout the paper we
consider the space-time of Euclidean signature and use the standard (see [BI]] for instance)
conventions for the definition of the curvature.

2. Brief review of gravitational anomalies

In this section our main source is the original paper [R§] and the second volume of the
book [BJ]. A more recent review is [BJ]. In the parity-preserving case one can always employ
the Pauli-Villars regularization of loop diagram that preserves the gauge invariance. The
violation of gauge invariance occurs for fields whose gauge couplings violate parity. This is
the case for the general coordinate invariance for fields which are in a complex (or pseudo-
real) representation of the Lorentz group that violates parity. In Euclidean signature, the
complex representations of the Lorentz group SO(d) of d-dimensional Minkowski space
occurs if dimension d = 4k — 2.

As other gauge anomalies, the gravitational anomaly has a topological origin and is
related to certain topological invariants of the tangent bundle in dimension d 4+ 2 = 4k.
These invariants are polynomial in the Riemann curvature R% = % “bwdac“ A dx¥ two-
form. We remind that R = dw?, +w, A w, where w9 = w9 dx# is the spin connection
one-form, and, with respect to indices a and b, is antisymmetric d x d matrix. Important
property is that the trace of any odd number of matrices R% vanishes,

Tr(R* Y =0 .



Thus only the even powers of R can be used to construct the invariants. Since the latter
should be further integrated over a manifold M of dimension D, only if D = 4n such
invariants are non-trivial. The gravitational anomaly in dimension d is obtained by the
descent mechanism from the invariants in two dimensions higher, D = d + 2. This is
yet another reason why the gravitational anomaly should be expected to appear in the
dimension d = 4k — 2.

There are certain combinations of invariants constructed from R which are sort of
primary and are called the Pontryagin classes. Notice, that if d is even, by an orthogonal
transformation such an antisymmetric d X d matrix can be brought to a skew diagonal
form in terms of its eigen-values z;,1=1... %l. The characteristic Pontryagin class p;(M)

is defined by
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In the descent mechanism, just mentioned, one substitutes Rqp, in () by R,, = Rap +
Vaép — Vi€, and then expands everything to the first order in &,. Being integrated over a
d-dimensional manifold the result takes the general form

/ Az X,

where X, is constructed via the Riemann tensor and its first derivative, thus leading to

the anomaly in the non-conservation of the stress-energy tensor
VoI, =X, . (2.2)

The concrete form of X, depends on the dimension d = 4k — 2 and the type of the field.
The anomaly for spin 1/2 particle is determined by this mechanism applied to the Dirac

genus2
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Its expansion in terms of the eigenvalues x; gives

. 1 1 1
Iijg=1——p1+—(1p2 -4 ——(—16p3 + 44p1ps — 31p3) + -+ (2.3
1/2 o 1t 5760( pi —4p2) + 2615120( p3 + 44p1p2 py) + (2.3)
2Tn order to remove a common factor one usually defines I, o = fi(27r)7D/2f1/2 with similar definitions

of fA.



The anomaly for antisymmetric self-dual tensor is described by

which has expansion
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Another field which may contribute to the gravitational anomaly is gravitino. Its anomaly
is determined by the corresponding invariant polynomial. Since the theory on the boundary
of AdS is not supposed to contain gravity we skip the discussion of the anomaly due to
gravitino.

In addition to the pure gravitational anomalies there may be the mixed anomalies
which are due to loop diagrams that contain both external gravitons and gauge fields.
Thus, the chiral field should carry the Yang-Mills charge. The only massless chiral field of
this type is Weyl spinor. The mixed anomaly then is determined by invariant polynomials
involving both the curvature R two-form and the field strength FF = dA + A A A of the
Yang-Mills field. For gauge field in real representation of the gauge group we have that
tr F2**1 = 0 and the relevant polynomial is

Iyj5(F, R) = tr(cos F)Iy(R) , (2.6)
where I /2(R) was introduced above. It has the following expansion

n

2 _ n 1 1, 2 p1
L o(F,R) =n+ [02 241)1] + [ 5 <C4+ 202> + 5760(71)1 4p9) 51 + , (2.7)

where n = tr 1 is dimension of the representation of the gauge group and ¢;(F’) is the Chern

class defined as det(1+iF/2m) =3, icj(F)/(2m)7. In terms of the field strength we have

that co(F) =1, co(F) = =3 tr F2, ¢4(F) = g(tr F?)? — $ tr F4.

3. Gravitational Chern-Simons terms
The gravitational Chern-Simons terms (9,1 are defined as®
d92n+1 =Tr Rn+1 (31)

and are certain polynomials of the spin connection w® and its exterior derivative dw? (or,
equivalently, of curvature R?%). The closed form for arbitrary n is

1
Qopy1 = (n+ 1)/O dt " Tr(w(dw + tw*)") . (3.2)

Both the spin connection w9 and the curvature R take values in the algebra of the Lorentz
group so that the other name for 29,1 is the Lorentz Chern-Simons term. Thus, both w

3We will skip writing symbol A for the wedge product of several differential forms.



and R are antisymmetric in the Lorentz indices. Variation of the term (B.J) under a small
change of the spin connection is

0opy1 = (n+ 1) Tr(owR™) +4d(...) , (3.3)

where d(...) stands for a term which is exact form. As was discussed in section ], R is
antisymmetric matrix so that the trace of the product of odd number of R gives zero.
Similarly, we have that Tr(swR?*) = 0 that can be shown by taking the transposition of
this expression. Thus, for even n the right hand side of both (B.I]) and (B.J) is vanishing
(in the case of (B.3) it is up to an exact form). So that, neither action [ Qg,+1 produces
the non-trivial field equations if n is even. The case of odd n = 2k — 1 will be further
considered. The Chern-Simons action

211

WCS = an/ QZTL-H s Ay —
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where n = 2k — 1 with integer k, describes non-trivial dynamics for the gravitational field.
The spin connection is not independent variable. It is determined by equation

de® +wy Ne? =0, (3.5)

where e” = hfdz! is the vielbein, a "square root” of metric, G, = hZhlb,&ab. The com-
ponents of the vielbein can be used to project the local Lorentz indices to the coordinate
indices and vice versa. Useful formula for calculating the components of the spin connection
in terms of the vielbein is

1
wabn = 5 (Cavht + Couhly = CaaghhIh)

C, = ,h% — DN . (3.6)

The Riemann curvature satisfies the two types of identities

Ra[ﬂ,aﬁ} =0 <— Rab A eb =0 (1)
V[aR’“’M =0 < VR%=0 (2 (3.7)

which will be useful in our analysis.

Conformal invariance. In this section we would like to find the general form for the
field equations which follow from the Chern-Simons action (B.4) when we vary the vielbein.
This will be done in a moment. We pause here to show that the gravitational Chern-Simons
is actually conformal invariant so that the field equation which follows from (B.4) should
be traceless. It immediately follows from (B.6) that under the rescaling of the vielbein,
hj, — €7 hj;, the components of spin connection change as

Wab,p — Wab,u + 8b0ha,u - aaahbu ) (3'8)

where we define 8, = hf;0,,. The conformal variation of the bulk part of the Chern-Simons
term (B.d) vanishes due to the Bianchi (1) identity. The action (B.4) is thus conformal in-
variant provided that the conformal parameter o vanishes on the boundary of M*~1. This

is an interesting feature common to the gravitational Chern-Simons terms in all dimensions.



Field equations. Now we are in a position to find an explicit form for the field equations
which follow from the Chern-Simons action (B.4) when we vary the vielbein hy,. We first
rewrite the integrated variation formula (B.3) in components and neglect possible boundary

terms?

RY . R%n2 S’

a20304 " * b oon—102n a,p

(3.9)

Weg = /d2"+1x h €172l RS o
where h = det hj;. Variation of the spin connection (B.4) under the infinitesimal change of
the vielbein

8w, = 8%, e

pr'ta

hY — hYV . 0h" (3.10)

is a combination of a part due to variation of the vielbein alone and of another part which
is due to variation of the vielbein inside the metric. The latter comes from the variation
of the Christoffel symbol

o 1 (07 (07 o o (07%
5I‘W = 5[—V dgu + V,u0g°, + V., dg u] , 0g =9 OG- (3.11)

Substituting (B.10) into (B.9) we notice that the part due to the variation of the vielbein
vanishes after integrating by parts and using the Bianchi (2) identities. The only non-
trivial variation thus comes from that of the metric. This variation of the Chern-Simons
term can be shown to vanish (provided that both types of the Bianchi identities are used)
identically if n is even. This is of course consistent with the arguments given earlier in this
section. If n is odd the variation is non-trivial

Weg = —2 /M%+1 d*" g h 5g,, CM (3.12)

with a tensor CH*" defined as

oW — vas(;u/)a ,
1
QHVa _ _ Z 0102...0m[0 QY R* . R%2n—2c (313)

9 a10102 ag0304 *° 02n—102n
where symmetrization is defined as B = %(B‘“’ + B"#). The tensor S*“ is antisym-
metric in last two indices. It is vanishing when the trace over any pair of indices is taken
and is covariantly conserved,

SHe = —ghav S, =0, VSt =0 . (3.14)
In this respect it resembles the tensor of spin. We however do not pursue this analogy in

the present paper. By virtue of the Bianchi identities (B.7) the tensor C*" is traceless and
covariantly conserved.

4We use that dz°! A ... Adz®2n+1 = 712t pd?n Ty h = det hy, and €172 = hglhg? ... ™92,



Dimension d +1 = 3 (n = 1). The three-dimensional General Relativity with the
gravitational Chern-Simons term added is known as a topologically massive gravity and
was first considered in [B4] and [BJ. In the three-dimensional case we have that

Squva _ _%EUIUQALRVC“ . (315)

0102

This can be further brought to another form using the fact that the Riemann tensor in

three dimensions is expressed in terms of the Ricci tensor and the Ricci scalar as follows

R, = 0P + 0, P — 6, P — 6, P,

where P = Rg — i&g‘R. By means of this relation we find that
SHS = VR PY 4 f T PY . (3.16)

The first term in the above expression is antisymmetric in g and v so it drops out in the
symmetrization (B.13). The second term, on the other hand, is symmetric in indices p and
v that can be shown by contracting this term with €,,, and demonstrating that this gives
zero provided the Bianchi identities are employed once again. We finally have that

CH = VoS — ooy (Rg - iagzq) . (3.17)

In three dimensions the tensor C*” is known as the Cotton tensor. It plays an important
role since it is the only conformal tensor available in three dimensions. Expression (B.13)
gives a generalization® of the Cotton tensor to higher dimensions (n > 1). The higher
dimensional generalization gives the conformal tensors as well.

Conformal property of C*”. The tensor C* defined in (B.13) is a conformal tensor
of weight —(d 4 3). This property makes it similar to Weyl tensor. In order to obtain the
transformation law for the tensor C*” in dimension d+1 (d = 2n = 4k — 2,k € Z) we first
note that under the infinitesimal conformal transformation 5ohz = 5th the tensor S

transforms as follows

5 8H) = —(d + 3)d0 SUM)* 4 ¢oroamrelupy) o R Vo V10 .

a10102 an—104-304—2
(3.18)
From this it is straightforward to derive that
V{65 = —(d 4 3)d0 S — (d +2)SH)* 9,60 . (3.19)
Combining this with the obvious property
8(Va) S = (d 4 2)S)e 9,60 (3.20)
we find that tensor C* = VS transforms as

SCH = —(d + 3)5 C™ (3.21)

®There have been earlier suggested some generalizations [E] of the Cotton tensor to higher dimensions.
These are however linear in the Riemann curvature and thus differ from ()



under the conformal transformations. As is well known (see, for instance, Proposition 2.1
in [id]) the transformation law (B.21]) under the infinitesimal conformal transformations
implies that the tensor C), is conformal and changes properly under the finite conformal
transformations. On the other hand, this property follows directly from the fact that C*”
is obtained as the metric variation of a conformal invariant functional (a nice discussion of
this general fact can be found, for instance, in [I§]). The tensor C*”, thus, vanishes for any
metric conformal to the maximally symmetric, constant curvature, metric 9y~ Indeed, the
Riemann tensor RO‘[ZV = ﬁ(éﬁég — 5355) for a maximally symmetric metric so that the
tensor S*”%, and hence C'*¥, vanishes identically in this case.

Thus, the tensors C* (B.13) share same properties in all dimensions 4k — 1, k € Z:
they are traceless, covariantly conserved and conformal. Conformal tensors traditionally
play special role in differential geometry and their complete classification is a long-standing
problem. We are, however, not aware of any earlier appearance of tensors (B.13) in the
mathematics or physics literature.

This tensor, actually, differs from all known conformal tensors in an interesting way.
Consider metric g, = g5 + M which is a small deformation of a constant curvature
maximally symmetric metric g;7. Usually, a conformal tensor T" for such a deformation
takes the form (skipping the indices) T = Dn with D being some invariant differential
operator. Such operators can be classified that allows to classify all conformal invariants
which are represented in such a form for a small deformation of the maximally symmetric
metric. The corresponding classification theorem is due to Graham and Hirachi [Bg]. In
particular, it says that in odd dimensions (which is of our interest) there is only Weyl
tensor. Interestingly, tensor C* (B.1J) does not fit in the conditions of this theorem®. It is
2k—1

)

polynomial in small deformation of the maximally symmetric metric, C[g°¢+n]| ~ n in

dimension 4k —1, k > 1. This can be easily seen already for tensor S#*”: due to the Bianchi

20-1

identities the linear term and all terms n*~", [ < k vanish identically. In dimension 7

one can find explicit form for the leading term. It is more convenient to write it for the

tensor SHV¥,

014102 03a204 05 Og

S(,uu)a _ _1601...05(,uD1/) D™ D® @
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X 5 R o1--050(1 [yv) D% (3.22)

as
m 010102 03a20477 o5 )
where we have introduced notation

D% oy = Vo (Vall%, = VNay) 5 1% = 987180

Reducible Chern-Simons terms. So far we have considered the irreducible form of
the Chern-Simons terms. There can be, however, forms which reduce to the product of
several such terms. An example is

Wég’p) = (n+1)an / Qok1dQ2p41 n=k+p+1. (3.23)
M2n+1

51 thank Robin Graham for discussion on this point.



The metric variation

k, v
sl _ g /MW I g (3.24)

of this action gives a tensor

1 agk 20 C:
Cél];;l:p) = _geo-l...o-Qn(Mva |:(k + 1)RV310'10'2 Tt R 2(1;2k2710'2k (Rcé202k+102k+2 Tt R ig;iQUQn—IUQn)
a2p—20Q¢ C:
+(p + 1)RV310'102 s R 2(27)2132—1021) (Rcé202p+102p+2 e R ggli&QUQn—lUQn) . (325)

It is traceless and covariantly conserved and is yet another possible generalization of the
Cotton tensor to higher dimensions. If one includes the Yang-Mills field into consideration
there may appear the mixed terms like

Whix = / Q2p+1 tr Fk , n=k +p . (326)
M2n+1

The metric variation of this action is obvious.

4. Holographic evaluation of gravitational anomaly

According to the holographic conjecture the (d+1)-dimensional gravitational theory (re-
ferred as the bulk theory) is equivalent to a d-dimensional conformal field (boundary)
theory. The boundary in question is the boundary of an asymptotically AdS space-time
which is a solution to the gravitational bulk theory. More generally, the duality is formu-
lated for string theory (or M-theory) on anti de-Sitter space and the (super)-gravity action
is a low-energy approximation to this more fundamental theory. The (super)-gravity action
generically has the higher derivative modifications of the purely gravitational part of the
action. Here we consider the case when this modification is in the form of the gravitational
Chern-Simons terms. These terms may appear in particular due to the Kaluza-Klein re-
duction of the higher curvature terms generically present in the 11-dimensional M-theory
action.

The gravitational theory in (d+1)-dimensional space-time is given by the action

Wer = Wiy — (4.1)

W,
321Gy O

which is sum of the Chern-Simons term (B.4) and the ordinary Einstein-Hilbert action
(with a negative cosmological constant)

Wen = - GQGN [ /MdH(R[G] +d(d—1)/2) + /8 - QK} , (4.2)

where K is trace of the second fundamental form of boundary M. Gy is Newton’s

constant in d+ 1 dimensions. Parameter [ sets the AdS scale. We will use units [ = 1. One
can add to the action ({.1) the reducible forms of the gravitational Chern-Simons term
existing in the dimension d + 1. Note, that the analytic continuation of the Chern-Simons

action to Lorentzian signature is somewhat subtle and involves the multiplication by 7. So

,10,



that if the coupling 3 is purely imaginary in Euclidean signature (as is reasonable from the
boundary point of view since the gravitational anomaly comes from the imaginary part of
the quantum action) it becomes real in Lorentzian signature. The analytic continuation of
the topological terms is discussed in [B7].
The gravitational bulk equations obtained by varying the action (f.1]) with respect to
the metric takes the form
d(d—1)
2
where all curvature tensors are determined with respect to the bulk metric G,. The

1
Ruu - §GMVR - Guu + ﬁCMV =0, (43)

tensor C),, is a result of the variation of the gravitational Chern-Simons term. Although
the Chern-Simons terms are defined in terms of the Lorentz connection which is not gauge
invariant object the variation is presented in the covariant and gauge invariant form as
we have shown in the previous section. This is just a manifestation of the fact that the
“non-invariance” of the Chern-Simons term resides on the boundary and does not appear
in the bulk field equations. By virtue of the Bianchi identities this quantity (both for
the irreducible and reducible Chern-Simons terms) is manifestly traceless and identically
covariantly conserved,

CowG™ =0,  V,C" =0 . (4.4)

Due to these properties we find that solution to the equation (f.J) is space-time with
constant Ricci scalar R = —d(d +1). This is exactly what we had when the Chern-Simons
term was not included in the action. In that case moreover the Ricci tensor was proportional
to metric, R, = —dG,. It is no more the case in the presence of the Chern-Simons term

and we have
Ruu = _dGuu - /BC;,LV . (45)

This is that equation which we are going to solve. We start with choosing the bulk metric
in the form

ds* = G dX"dX" = dr* + g;;(r,v)dz"dz’ (4.6)

that always can be done by using the appropriate normal coordinates. The quantity g;;(r, x)
is the induced metric on the hypersurface of a constant value of the radial coordinate r.

The following expansion
g(r,x) = e [g(o) +g@e 4+ gaye ™ + higy re” " + O(e” I (4.7)

is assumed so that the metric ([.6) describes an asymptotically anti-de Sitter space-time
with g(g) being the metric on its d-dimensional boundary. The non-vanishing term h(q)
generically appears in the expansion if dimension d is even. In the mathematics literature
this tensor is known as the obstruction tensor (see B, BY]). It is traceless, covariantly
conserved and conformal in any even dimension d. By a general argument given in [[[§] it is
a multiple of the stress tensor derived from the integrated holographic conformal anomaly.
It follows immediately that this term vanishes identically when d = 2 since the conformal
anomaly then is a multiple of the Ricci scalar and, if integrated, gives a topological invariant

and no non-trivial metric variation appears.
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Holographic stress-energy tensor. The holographic (or dual) stress-energy tensor is
generally defined as a variation of the gravitational action with respect to the metric gg]) ()
on the boundary. The gravitational action is considered on-shell, i.e. the bulk metric is
supposed to solve the Einstein equations subject to the Dirichlet boundary condition. Since
the boundary is at infinity the action should be properly defined. A simple way to do it is
to consider a sequence of boundaries at finite value of the radial coordinate r with induced
boundary metric g;;(z,r) (for large r we know that gi;(z,”) = €*"g(gy;;(x) + ---). This
way we get a regulated gravitational action. However, this action is typically divergent
when regulator r is taken to infinity. On the boundary theory side these divergences have
a natural interpretation as the UV divergences. Some renormalization is typically needed.
A rather natural way to renormalize the divergences is to add some local boundary counter
terms [[I0, [[1], [(7, [[§] to the action. These boundary terms do not change the bulk field
equations. They not just cancel the divergences but also contribute to the finite part of
the action and, in particular, to the finite part of the holographic stress-energy tensor.

When the boundary dimension d is odd the exact form of the holographic stress tensor
(d)
(]
expansion taken with the appropriate coefficient. When the dimension d is even no general

is known [[[]. It is determined only by the coefficient g;;’(z) in the Fefferman-Graham
form of the dual stress-energy tensor is known except in some particular cases, d =2, d = 4
and d = 6 [[lf]. The expression in terms of the extrinsic curvature (instead of the metric)
is however available [R(].

In the presence of the Chern-Simons term the holographic stress-energy tensor is mod-
ified. Surprisingly, we can get a general form of this modification rather explicitly. In
order to see this let us remind the basic steps in defining the holographic stress-energy

2r which determines the location of the

tensor. Let us introduce small parameter € = e~
regularized boundary with the induced metric g;;(x,7(¢)) which is the same quantity that
appears in ([l.)). The expectation value of the stress-energy tensor of the dual theory is

then given by

= lim

2 1% T,ren 1
= = o <WTM[9]> :
det g(o) 69('6) (m) e—0 \ &

(T5) (4.8)

where
5Wgr7ren

2
-~ /det g(z,7(e)) 09" (x,7(¢))

is the stress tensor of the theory at finite . It contains two contributions,

T;51g] (4.9)

Tylgl = T, 8+ T

where T;g = —ﬁ(Klj — Kg;j) comes from the regulated Einstein-Hilbert action and
1}‘3“ is the contribution of the boundary counterterms. Their role is to cancel the possible
divergences in ([.§) when ¢ is taken to zero.

We now want to apply this prescription and compute the part in the dual stress-
energy tensor which is due to the gravitational Chern-Simons term. All we need to do is
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take variation of the Chern-Simons action with respect to the induced metric g¥ (x,r(¢))
on the regularized boundary and calculate T;;[g]. Then insert it into equation (E.§) and
take the limit of € to zero. The equation (B.9) accompanied with (B.10) and (B.11)) is a
good starting point for the first step. Notice, that in (B.9) the variation with respect to
the boundary value of vielbein results in some term 7 which however gives zero after the
symmetrization, ha(jTi‘)L, needed to define the metric stress-energy tensor. Thus, the only
contribution to the stress-energy tensor comes from the metric variation in (B.11]). We find
that

reg _ 6 d ijr _ Qrjt _ Qirj .
SWE® = ot [dlayg 57— 577 - g,

_ g /ﬁd (iG)r s,
= o Ao /g S 5g;; (4.10)

where tensor S*Y* was introduced in () and, in the second line, we have used its
symmetry properties (B.14). This gives us that

g

Ti'[g]:m

Sagyr(g(z,r(e))) - (4.11)
This should then be expanded in the powers of ¢ and substituted in (£.§). The analysis
shows that the leading divergences in the resultant expression vanish either as a result
of the symmetrization in indices ¢ and j or due to the Bianchi identities and we are left
with a finite expression. This quite remarkable fact (in dimension d = 2 this was observed
in [R6]) means that the dual stress-energy tensor is finite with no need to introduce any
new counterterms. The general form for the finite expression can be easily obtained for

arbitrary d by using the expansions (B.4), (B.H) and (B.6) of appendix B,

CS _ /3 k?lk‘g...k‘d_l
Ty = i

_ ni ng ng—2 (2) 4.12
& e ('R, R R (4.12)

j) kike m1 kska " T mg_3 kgq_3kq_o2 Ing_okq

where one uses the metric g(g);; to compute the components of the Riemann tensor. Thus,
we have to know only the coefficients g(p);; and g(z);; in the Fefferman-Graham expansion
to determine the part in the dual stress-energy tensor which is due to the Chern-Simons
term.

Solving the Einstein equations. The expressions for the components of the bulk cur-
vature are given in appendix [A. The strategy of solving the Einstein equations is to
substitute the expansion ([£.7) in the modified Einstein equations (f.5) and expand both

T

sides of the equations in powers of e™". Equating coefficients at the same order on both

sides one gets the recurrent relations between coefficients of the expansion ([l.7) which al-
(n) (k)
ij ij
only boundary data required for this procedure to work is value of the boundary metric
gg-)) (z) and the value of the coefficient ggj)

energy tensor of the boundary CFT. Einstein equations impose constraints on its trace

low one to determine g, .’ (z) provided coefficients g;;’(z), k < n are already known. The

(z) which is ultimately related to the stress-

and divergence. The latter thus determines the conservation (or non-conservation) of the
stress-energy tensor. The constraint on divergence of gg;l) appears in the e~ order of the
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expansion of (ri) component of the Einstein equations. It is thus suffice for our purposes
to look only at this part of the Einstein equations. The expansion for the inverse metric
and the Riemann tensor is given in appendix [B. Since we have to calculate the expansion
of (ri) component of the tensor C*” we present below the expression for this component
in terms of the tensor S¥¥,

. 1 .. . . 1 . 1 . . 1 .
Cm — 5 {ijT‘Z] + vjszr] + arsmr + 5 Tr(gflg/)srzr + _(gflgl);srr] _ _g];nskln} ,

2 2
(4.13)

where V; is defined with respect to the effective metric g;;(r, ). The further analysis
depends on value of dimension d.

Dimension d = 2. The case of two-dimensional boundary was considered in [27] and
the holographic tensor was found earlier in [2G]. Below we present some details of the
analysis. In this case the first non-vanishing contribution to components C"* appears in
e~%" order. The components of tensor S*® are easy to calculate using (B-1§) and the
expansion (B-4), (B-H), (B-G) of the Riemann tensor. In the leading order one has
iy Ui i iy 4

571 = (3R + by, — gl ) o (1.14)

Sirj _ Ejie—Zr +O(e—6r)

Srrj — _eknvkgé)nefélr 4.

gkin _ ki (Vig?z)z _ vng&)l) e

So that the leading term in the expansion of the component of the tensor C*” can be now

calculated using ([L13),
Coi— g O — 1J‘3AR 1 k.ol kixy —2r 4.15
i = Gij =1 169% + 5 <e iVidio)n + € jg(Q)ki) e "+ (4.15)
As we see from (B.§) and (B.2) the (i,r) component of the Ricci tensor has expansion
R, = [—ngfé)i +0; Tr 9(2)] e 4 (4.16)

Looking now at the expansion of (ir) component of the Einstein equations ([L.H) we get the
constraint on the coefficient g(s);; that can be presented in the form

Vjt{ = —geijOjR s
B
tij = 9@)i; — 90) Trg2) + 9 (Eikg(z)]‘k + ijg(g),‘k> . (4.17)

The holographic stress-energy tensor is defined as

1

ij = —87TGN tz‘j (4.18)
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The part in the holographic stress tensor which is due to the Chern-Simons term is in agree-
ment with the general expression (fl.13). The divergence of (l.1§) produces a gravitational
anomaly

ViT! =~ R (4.19)

This is precisely the anomaly which is expected to appear in two dimensions. It originates
from p; (see [, []]) via the descent mechanism outlined in section [}

Dimension d=6. The analysis in six-dimensional case is much more laborious. In the
absence of the gravitational Chern-Simons term the analysis was done in [[[§]. The con-
struction of the holographic stress tensor in terms of the coefficients in the expansion of
metric is then already non-trivial and the precise prescription is given in [[§]. Turning on
the Chern-Simons term makes things even more complicated. Fortunately for us we do not
need to go to a full analysis of the modified Einstein equations but have to look only at
the =% order of the (ir) component of the Einstein equations which determines, as was
shown in [[Iff], the conservation law for the holographic stress-energy tensor.

The tensor S*“ in six dimensions takes the form

v 1 y
S = QEM TR alMlMRaézMaMR@;?sue : (4.20)

The expansion (B.4), (B.J) and (B.€) of the Riemann tensor is sufficient for the analysis
of the leading behavior of the components of the tensor (£.20). Below we summarize this

analysis:

.. 1 . . .
rij __ = k1. ke pi n2j _ k1. ksipi ni no —8r
ST = { SR R e R g — € R 0, R n2k3k4g(2)k5}e , (421)

Sirj — { k1..ksi (2) Rr™ Rn2j +26k1 Kagi (2) R™M"2 (2

Iniki 1Y nokaks 't kaks Inik1 'V koksInaks
+4e"“"'k4jinlg,(12122Vk4g?2)k3}6_& ) (4.22)
grir _ Ekl...kGRimkleR 1 o Vil G e 8 (4.23)
gkin — chikokpi o pn kot VT e~ 10r (4.24)

where we keep only the leading terms, components of the Riemann tensor are defined with
respect to metric g);;- Notice that in (4.24) we have dropped the terms which vanish
(0) —8r

order 1% and are not shown in (f£24).
The expansion ([£21)), (E22), (E23) and (E24) should be now substituted into equa-
tion (13). After some reshuffle and noticing that quite a few terms vanish due to the

Bianchi identities we get a quite simple result

when the trace g’ Skm is taken. Such terms appear both in the order e and in the

Cri = v]{—zﬁ 1 6R2n1k1k2 nﬁ2k3k4Rn2/g5k6
+§€ R n1k1k2Rn7i2k3k4 9?22)1% + 56 ' 5]Rln1k1k2Rnﬁgk3k4 9?22)1% e . (4.25)
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Obviously, the first term in the brackets is antisymmetric in indices ¢ and j while the two
other terms form a symmetric tensor. The latter will modify the holographic stress-energy
tensor while the first term will produce a gravitational anomaly.

The expansion of the Ricci tensor to the required order was found in [[16]. We refer
the reader to that paper for the details. The result is

1.\
Ryi = =3V <9(6) — A +ﬂ5) e (4.26)

where we focus only on the term of the order =6

. The tensors A);; and S;; are local
covariant functions of the metric g();; and its derivative, exact expressions are rather
lengthy and given in paper [§].

Introduce tensor tif ) as follows

B 1 B kb
tz(j) = 9.)i; — A@)ij T ﬂsij — 3¢ Y G Ry ke ke B ngkska 9?22);35 , (4.27)
where the normalization has been chosen in agreement with [[L]. Note that in the dimension

d > 2 the coefficient g(9) is a local covariant function of the metric g(. In particular, for
d = 6, we have that

1 1
9@ =~ <Rij - 1—0R9(0)¢j> : (4.28)

This relation remains the same when the Chern-Simons term is added to the bulk equations.
The constraint that comes from the (ir)-component of the Einstein equation, R;+3Cj, = 0,
can be now presented in the following form

vjtgmi:_ﬁe'ﬂ V(R ik B i B ) (4.29)

Obviously, the tensor t{ )i (E:27) is defined by this equation only up to covariantly conserved
term (proportional to h( ). The holographic stress-energy tensor in the absence of the
Chern-Simons term, 3 = 0 in this case, was defined in [[Lf]. Extending this definition to the
present case and taking into account the general expression ([19) for the CS contribution
we define the stress-energy tensor as follows

3 ®
ZJ_87rGNtij ' (430)

Defined this way this tensor (in the case when 3 = 0) was shown in [If] to be symmetric,
covariantly conserved and its trace to be the conformal anomaly of the boundary CFT.
Notice, that the S-dependent modification in ([.27) is traceless so that the trace of the
modified stress-energy tensor remains the same. The stress tensor is however not conserved
anymore due to the gravitational anomaly,

v, T/ b

S R™ . R"™J . 4.31
; 32y ) (4.31)

n
nokska kske

MRy (R

nikika
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This is exactly the anomaly that originates in the descent mechanism from the term Tr R*
in the Pontryagin class po. This is however not the most general form of the gravitational
anomaly in six dimensions. Indeed, another possible anomaly originates from the term
(tr R?)? which appears both in py and in p?. This anomaly comes out holographically if
one adds a reducible form of Chern-Simons term to the bulk gravitational action.

Anomaly from the reducible Chern-Simons term. In six dimensions the only pos-
sible reducible form of the Chern-Simons term is Wc(;’l) = 4az [ Q3 A dQ3. Adding this
term to the gravitational action

B (1,1)
Y W — —L ld
321Gy O 1287Gy %8

with some coupling 31 we get, after some regrouping the terms, the modified Einstein

Wer = Wen — s (4.32)

equations
Ruu = _dGuu - /BC;,LV - 510,%’1) ’ (433)

where we took into account that C,(ﬁ}l) is traceless. Tensor C,Sly’l) was defined in (B.25) to

take the form
1
Cﬂy = —_2 60—1“.0—6(MVQ, |:RV)O( (RCI RCQ )] 9 (434)

(1,1) 0102 €20304° " C10506
where all indices run from 1 to 7. Again we have to look at the (r,i) component of the
modified Einstein equations ([.33). The analysis goes through same steps as before, now
for the tensor Cﬁ"l). Skipping the details which are pretty straightforward we present the
result for the leading term in the large r expansion

) 1 - o
c{f,l)=vj{[—Ze’fl---'fﬁR%k2+ek2---k6(zg{§)k2] R e B }egr - (4.35)

naksks ni1kske

Here all indices (including n; and ng) run from 1 to 6. The new constraint which comes
from the (r,4) component of equations (f.3J) can be properly formulated in terms of the
tensor

t?ﬁyﬁl) = t%) o ?6 2 6(19‘(72)14:2Rnﬁgk3k4Rn7€1k5k;6 ) (436)

where in the last term the symmetrization in indices ¢ and j is assumed. We can now define
the holographic stress tensor as
3 B8)
T = 5ot (4.37)
in analogy with ({.30). Its divergence is now a combination of the contributions from both
the reducible and irreducible Chern-Simons terms

' B ki ; .
vaJi - _me ' 6vj(RznlkﬂmRnﬁgk3k4Rn21g5k6)
B ki..k ij
_me 1 ij(kaﬂm n52k3k4Rn751k5k6) . (4.38)

The second term in the right hand side of (4.3§) is precisely a contribution to the gravi-

tational anomaly from the term (Tr R?)? via the descent method. So that equation ({£.38)
presents the most general form of the gravitational anomaly in six dimensions.
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Some comments. The tensor ([£3(), or more generally (f£.37), has a dual meaning. It
is the expectation value of the quantum stress-energy tensor in the dual CFT and is the
quasi-local stress-energy tensor introduced by York and Brown [[i] to define the energy and
angular momentum for solution to the bulk gravitational equations. In three dimensions
the Cotton tensor vanishes for any metric conformal to the constant curvature metric.
That’s why the BTZ metric describing three-dimensional black hole remains a solution to
the modified Einstein equations (JL.5). The stress-energy tensor ([L1§), (.I7) then can be
used to calculate the modified values for the mass and angular momentum of the BTZ
black hole 26, P7. In higher dimensions general solution to Einstein equations with a
cosmological term is no more maximally symmetric metric so that the tensor C,, is non-
vanishing. This means that some modification of the known solutions describing black
hole in asymptotically AdS space-time should be expected. The finding exact solutions to
the modified Einstein equations ([L.5) or ({.33) is an interesting problem that possibly can
be approached numerically. Provided such a solution is known our formulas ([.18), ({.17)
or (.37), (F.30) can be used to calculate the conserved quantities of the solution. We
however note that unlike the three-dimensional case in higher dimensions the S-dependent
modification in (f.3¢) vanishes if the boundary metric gg.)) (z) is flat or is a maximally
symmetric constant curvature metric. Only if there is a solution which approaches a non-
maximally symmetric metric at infinity then the modification ({.36) or (£.27) of the stress-
energy tensor would be relevant. Also, only in this case the gravitational anomaly (4.3§)
will be actually visible.

5. Remarks on anomalies

Comparison with the descent method. The Chern-Simons term which was added to
the bulk gravitational action can be used for calculation of the anomaly using the descent
method. In this subsection we do this calculation and compare the resultant anomaly with
the one obtained holographically and find that these two anomalies are identical. It is more
convenient to calculate first the local Lorentz anomaly and then transform the result to
the gravitational anomaly.

We start with some general remarks on the Lorentz symmetry and the Lorentz anomaly.
We introduce the vielbein stress-energy action as T(ih)a = %%. The subscript (h) is

supposed to differ this from the metric stress tensor T(Zg) = 29 )/ is the action of the
theory in question. These two objects are related as

ia _ i) 1a Jt 1 a
() = Tgyhi +Tigh;

We raise the Lorentz indices with the help of 6*°. Under the infinitesimal local Lorentz
transformations the vielbein and the spin connection transform as

Shi = a%hy, 0w = =0ia%, Qab = ~Xa - (5-1)
In the Lorentz invariant theory one has that T([Z;)] =0, T(“ff’) = T(ig) h?. On quantum level in
d-dimensional chiral theory the Lorentz symmetry may be violated if d = 4k — 2. In the
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descent method the violation is determined by a (d 4 2)-dimensional invariant form ;o
which is polynomial in the Riemann curvature as was explained in section P This form is
locally exact I;9 = dlcs, where IégH) is a (d+ 1)-dimensional Chern-Simons term. Under
the local Lorentz transformations (f.1)) this term changes as 5, I = d[X%ay,], where
Xab — Xialb :

g
antisymmetric part of T(‘;f’) and reads

dz™ A...Adz' is a d-form. The anomaly then shows up in the non-vanishing

1t o
ST = X, (5.2)

(d)

For instance, take Icg = —%anﬁgnﬂ) and apply the descent procedure. Using (B.9)

we get that it leads to the Lorentz anomaly

1 al ) ) Cd—
platl - __ B i, (Rivio - B0 (5.3)

5 (h) _327TGN €1,8112 tg—114

the expression in the right hand side is obviously antisymmetric in indices a and b if
d = 4k — 2. The non-vanishing antisymmetric part of T(“If) would imply that the metric

stress-energy tensor is not symmetric. Keeping T, (Z) symmetric we should subtract the

antisymmetric part %héhiT([Z;)]. The resultant symmetric tensor is not conserved,

VjT(Z;) = _732776611\; etV (Rzm,mg e R]ng:21id) : (5.4)
This result is the same as if we replaced Rap — Rap + 2V[4&p) in Ig42 and looked at the
first order in &, term. This latter prescription was given in section . Comparing (5.4) to
the holographic expressions ([.19) (d = 2) and ([.31) (d = 6) we see that in two different
methods, by adding the Chern-Simons action [ ICngl to the bulk gravitational action and
looking at the divergence of the dual stress tensor in the holographic method and, in the
second method, by using the same form IégH) in the descent procedure, we get same result.
Same is true for the anomaly determined by the reducible form (verified for Q3d€2s when
d = 7) of the Chern-Simons action. Here we have checked this by brute force. However, it
seems that there may be a more general proof that two methods lead to same result”. It

would be interesting to understand this issue.

Anomaly in (2,0) six-dimensional conformal theories. In six dimensions there are
two known (2,0) supersymmetric conformal theories. The first one is the free tensor mul-
tiplet theory which describes the low energy dynamics of a single M5 brane. The other
one is the strongly interacting (2,0) conformal theory describing N coincident M5 branes.
Some information about this second theory can be gained from its conjectured holographic
duality to M-theory (or, in large IV, limit to the 11-dimensional supergravity) on AdS7 x S4
background. In particular, the holographic anomalies proved to be an important source of
information about the theory. The conformal anomaly in the (2,0) theory was calculated

in [[J]. The comparison to the anomaly in the free tensor multiplet was done for instance

I thank Jan de Boer and Kostas Skenderis for suggesting this to me.
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in [l3). The conformal anomaly in two theories are mainly related by factor 4N3. This
is the leading contribution to the anomaly which holographically originates from the tree
level supergravity action linear in the curvature. The one-loop effective action contains
quartic in curvature terms. They lead to the O(N) modification of the anomaly. A nice
discussion of this can be found in [4H].

The maximal (2,0) supersymmetric theories are necessarily chiral so that the gravi-
tational anomaly is expected to appear. The free tensor multiplet consists of 5 scalars,
a (anti)selfdual antisymmetric tensor and 2 Weyl fermions. The gravitational anomaly is
thus a descent of 8-form
m TrR* — i(TrR2)2 , (5.5)

where we use formulas of section Bl The corresponding anomaly of interacting (2,0), as

[ =Ia 420 = —

conjectured in [{4] (by assuming that the M5-brane anomaly should be compensated by
the inflow anomaly), is determined by

180 = NIgems (5.6)

Note that we focus on the gravitational part of the anomaly neglecting the gauge field and
the mixed anomalies.

The anomaly (f.6) is subleading in N which means that holographically it originates
from a one-loop term in the effective action. Terms of this type were studied in [4§]. There
are few terms in the one-loop action which are quartic in curvature. The one of our interest
contains invariant Tr R*— 1 (Tr R?)? which is exactly of the type that appears in (5-6), (F-H).
More precisely one finds (we use notations of [[lf] and make the continuation to Euclidean
signature)

W= —mn /63 A <TrR4 - i(Tr R2)2> , (5.7)
where T5 is the membrane tension and Cs is 3-form potential, for the 11-dimensional action.
This term was first derived in [lf] and plays an important role in the inflow mechanism [7,
). Here we follow the line of reasoning suggested in [B0]. We first integrate (5.7) by parts
and then compactify on S* with flux® Ty [os F = 27N, F = dC3. The term (5.7) then
reproduces exactly the Chern-Simons action to be added to the 7-dimensional gravitational
action. This action is a source of the six-dimensional gravitational anomaly either through
the holographic procedure or in the descent method analysis. The anomaly takes exactly
the form conjectured in [[4]. We can now determine explicitly values of the couplings 3
and 3 in the Chern-Simons action. In the units in which radius of $* is 1/2 we have that

167TG§\7,) = 373 /N3 (see [15]) and hence 3 = and 31 =

7 /)
TN? ~3TNT
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A. Curvature components

For metric ([.6) the components of the (d + 1)-dimensional Riemann tensor are
1 1
R — —|—d"+=da'd
irj 2[9‘1‘299 gij

1
Rrikj ) [ngéj - ngék]

Rlikj = Rlikj(g) ig,jgl"g,’m + ig@kglng;z] ) (A1)
where ¢’ = 0,g. Components of Ricci tensor are
Rij = Rij(9) — ;gé'] - %gm Tr(g ') + %(g’g’lg’)m
Ry = ;[V (97'g)i V‘Tr(g‘lg’)]
Ry = =5 L Te(g g 4+ Tr(g g9 (A.2)
and the Ricci scalar is
R=R(g)~Tr(g™'¢") ~ 3 [Tr(g ™) + S (g™ s™9") (A.3)

B. Expansion for the inverse metric and the Riemann tensor

As preparation we present here expressions for the inverse of effective metric g;;(r, z) and
its derivatives with respect to r

-1 —2r —1 —2r -1
g =€ "9y {1 —gpee 7+ <—9(4) + 9(2)9(0)9(2)> e
-1

—1 —1 —6r
+ <—9<6> +929(0)94) +9<4>9(0)9( ) ~ 929 (0)9(2)9(0)9(2)> e "+ ']9(0)
9 = 2" (90) — gwe™ " — 296)¢”" + )
9" = 4€*" (90) + 9e " +4gee "+ ) (B.1)

where ... stands for the sub-leading terms. In particular we have that
gy = 29(_0%{1 — g 7+ ( — 294 + 9(2)9@%9(2))67
+( — 396 + 29(2)9@%9(4) + 9(4)969(2) - g(z)g@ig(z)g@g@))e—w +-- } . (B.2)

It is important to note that if the dimensions d is even there generally appears a loga-
rithmic? term h(d)re_(d_z)r in the expansion ([.7). In (B.2) this would add extra terms
90) (h(d) —(d— 2)h(d)r6_d’") plus the corresponding higher order terms.

2r

9The logarithm appears if one uses the radial coordinate p = e~2" instead of r.
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Using (JA.T]) we can get expansion for the components of the Riemann tensor. We find

17 _
R} =

Ry = = (90)¢” + 92); (B.3)

R = —8i +O(e)

Ry = <ng Jg( )i ) + - (B.4)

Ry = <Vk922 Vidlo ) 4

Rkjm‘ _ <vkg](2 Vggl(f) > A

Ry = <9 0yikds — 0)zy5k) <R(021lcj + 900392y — g(O)ikgfz)j) +- (B.5)
(

0)! ; ; i _
510} = 030%) + (B + 8glay — dllay; — Oglaye + Shslay) €+
We use the inverse metric gég) to raise the indices. Useful expansion for the Levi-Civita
symbol is
eil...idr — ¢ —dr ’ZB) 4 4. ’ (B6)

where el('g')“id is defined with respect to the metric g(g);;-
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